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Abstract

Assuming the existence of a single rank-2 closed conformal Killing—Yano
tensor with a certain symmetry we show that there exists mutually commuting
rank-2 Killing tensors and Killing vectors. We also discuss the condition of
separation of variables for the geodesic Hamilton—Jacobi equations.

PACS numbers: 02.40.Ky, 04.70.Bw

1. Introduction

Recently, it has been shown that the geodesic motion in the Kerr—-NUT—de Sitter spacetime
is integrable for all dimensions [1-6]. Indeed, the constants of motion that are in involution
can be explicitly constructed from a rank-2 closed conformal Killing—Yano (CKY) tensor.
In this paper, we answer the question raised in [5] under which general assumptions a CKY
tensor implies the complete integrability of geodesic equation. We assume the existence of
a single rank-2 closed CKY tensor with a certain symmetry for the D-dimensional spacetime
M with a metric g. It turns out that such a spacetime admits mutually commuting k rank-2
Killing tensors and & Killing vectors. Here we put D = 2k for even D, and D = 2k — 1
for odd D. Although the existence of the commuting Killing tensors was shown in [5, 6], we
reproduce it more directly. We also discuss the condition of separation of variables for the
geodesic Hamilton—Jacobi equations using the result given by Benenti—Francaviglia [7] and
Kalnins—Miller [8] (see also [9]).

2. Assumptions and main results

A two-form
h= %/’lab dx® A dx?, hap = —hpg 2.1)

1751-8113/08/025204+12$30.00  © 2008 IOP Publishing Ltd  Printed in the UK 1


http://dx.doi.org/10.1088/1751-8113/41/2/025204
mailto:houri@sci.osaka-cu.ac.jp
mailto:toota@sci.osaka-cu.ac.jp
mailto:yasui@sci.osaka-cu.ac.jp
http://stacks.iop.org/JPhysA/41/1

J. Phys. A: Math. Theor. 41 (2008) 025204 T Houri et al

is called a conformal Killing—Yano (CKY) tensor if it satisfies

vahbc + vbhac = 2écgab - gagbc - é:bgac- (22)
The vector field &, is called the associated vector of h,,, which is given by

£, = L v (2.3)

a — D—1 ba- .

In the following we assume

(al) dh =0, (@2) Leg=0, (@3) Leh =0. 2.4)
Assumption (a1) means that (D — 2)-form f = *h is a Killing—Yano (KY) tensor,

Vi, fayas-ap, = 0. (2.5)
Note that equation (2.2) together with (a1) is equivalent to

Vahbc = Ecgab - gbgac‘ (26)
It was shown in [10] that the associated vector & satisfies

1 .

Va‘i:b + Vb‘i:a = m(Rachbc + Rbchac)v (27)
where R, is a Ricci tensor. If M is Einstein, i.e. R,, = Agup, then

Va‘i:b + Vb‘i:a =0. (28)

Thus, any Einstein space satisfies assumption (a2) [10]. According to [5], we define 2 j-forms
hD (j=0,...,k—1):
1

WD = h AR A AR = ——hD  dx® A A d® 2.9)
—— )
J
where the components are written as
. 2!
fzjl?..azj = 2 h[alazha3a4 s hazj—laz,']' (210)

Since the wedge product of the two CKY tensors is again a CKY tensor [5], V) are closed
CKY tensors, and so /) = k") are KY tensors. Explicitly, we have

) . 1 ;
PO =) = i A @11)
where
) 1 -
(< ) _ b ...sz (])
all...au—Z/' o (2_].)!8 1 a]"'al)_z-ihbl"'bZ/' (212)

Given these KY tensors, we can construct the rank-2 Killing tensors K /) obeying the equation
VaKyl) = 0:

1
(D—=2j—DIGH?
From (a2) we have L xh() = *Egh(j ) and hence assumption (a3) yields

LehY =0, LefY =0, L:KY =0. (2.14)

K;i) _ £ 1 b(f)fl---“D*Zf*l_ (2.13)

acy...cp_aj-

We also immediately obtain from (2.6)

Veh =0, Ve f9 =0, VeKY) =0, (2.15)
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Let us define the vector fields n/) by [11, 12]
20 = KO, 0, (2.16)
Then we have
Sunl] = ek ) - VL. o

which vanishes by (2.14) and (2.15), i.e. /) are Killing vectors.
Theorem 1 was proved in [, 6].

Theorem 1. Under (al) Killing tensors K are mutually commuting,

[K(i)’ K(j)]S =0.
The bracket [, |5 represents a symmetric Schouten bracket. The equation can be written as

(i) \d () () gd g (@

Kd'(aV Kbé) — KdiaV Kblc) =0. (2.18)
Adding assumptions (a2) and (a3) we prove
Theorem 2.

Lyoh =0.

Corollary. Killing vectors n” and Killing tensors K are mutually commuting,

. KP)s=0.  ".n"1=0.

3. Proof of theorems 1, 2

Let H, Q := —H?, KY) be matrices with elements
H = h", 0 = —h"h, (KU, = KD, 3.D

The generating function of K can be read off from [5]
k—1
Kay(B) =Y KB =det' (1 + BOIU +BO) - (32)
j=0

Here k = [(D + 1)/2]. Note that
2det'* (1 + BO)U +BQ) '
= det(I +/BH)[(I +/BH)™'1% +det(I — /BH)[(I —/BH)"'1%. (3.3)

Since det(I & /BH)[(I & /BH)~']%, is a cofactor of the matrix I & \/BH, (3.2) is indeed
a polynomial of g of degree [(D — 1)/2].
For simplicity, let us define a matrix S(8) by

SB):=U+pO)". (3.4
Using (2.6), we have

V. det'?(I + Q) = —2BE[HS(B)1Y, det'*(I + BQ), (3.5)

VaSpe(B) = BSpa(BETHS(B)ac — BSpa(B)ETHS(B)ac
+ BLHS(B) bt Sac(B) — BLHS(B)1pa&” Suc(B). (3.6)
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Combining these relations, we have

VaKpe(B) = det'*(1 + BOIE Xave.a (B), 3.7
where
Xabe:a(B) = 2BIHS(B))ad Spe (B) — BLHS(B))baSca(B) — BIHS(B)]caSan(B)

+BSpa (B)HS(B))ca + BSca(B)IHS(B)ba- (3.8)
Then with the help of (3.7), it is easy to check that the following relations hold:

VKo (B) = 0. (3.9)
Therefore we have

VuKyl) =0. (3.10)

Proof of theorem 1. In terms of generating function, theorem 1 (2.18) can be written as
follows:

Ke@(B)VKpe)(B2) — Ko (B2)V Koy (B1) = 0. (3.11)
Let
Kea(lgl)veKbc(,BZ)

FucBroB2) = G0in T + ,0) 4ot P (1 4 B20)° G142

(3.11) is equivalent to

Flavey(Brs B2) — Flabe) (B2, Br) = 0. (3.13)
Using the explicit form of V¢K.(8,), we have

Fape(Br, B2) = BrE"Sea(B1)
X (2[H S(B2))eaSpc(B2) — [HS(B2)1paSe  (B2) — [HS(B)]ea S5 (B2)
+Spa (B)HS(B)]e + Sca(B)HS(B2)16°)
= Bo&’ (2[HS(B1)S(B2)ad She (B2)
—[HS(BD1pal S(BS(B2)]eca — [HS(B2)1cal S(B1)S(B2)]asp
+Spa(BOLH S(B)S(B2))ea + Sca(B)IHS(B1)S(B2)1ba)- (3.14)
Then

Fabey(Brs B2) = 2826 (S (BOIH S(B1)S(B)]aya — [SBNSB) e [HS(B)wya).  (3.15)
Note that

B2S(B2) — B1S(B1) = (B2 — B1)S(B1)S(B2). (3.16)
Then
Fabey(B1. B2) — Flavey(Bas B1) = 2(B — BOE'(IS(BS (B v [H S(B1)S(B2)]aya

= [SBDSBw [HS(BS(B2)])aya)
=0.

This completes the proof of theorem 1. (]

Let ,(B) be the generating function of ny:

k—1
na(B) =Y 0B’ = Kup(BIE". (3.17)
j=0
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Proof of theorem 2. In terms of the generating function (3.17), the theorem 2 is equivalent to

Lygyhap = 0.
The left-hand side is
Lygyhar = n°(B)Vehap + hepyVan (B) + hae Vin“ (B).
Using (2.6), the first term on the right-hand side of (3.19) becomes
N (B)Vehay, = Ena(B) — Eanp(B).
Let us examine the second and third terms.
Uab(B) : = hepVan (B) + hacVin©(B)
= hepVa (K a(BIE!) + hae Vi (K a(B)E?)

= [K(B)H1sp V& + [K (BYH1aa ViE? + & (hep Va K a(B) + hae VoK a(B)).

Note that
[K(BYHapVab® + [K (B)H10aVpE? = LeIK (B)Hap — Ve[ K (B)H]ap = 0.

Here we have used (2.14) and (2.15).
Let

sdhacvb ch (,8)

Var(B) := G2+ B0)

Then

Uap(B) = det'*(1 + BO)(Viap(B) — Vi (B)) = 2det'*(I + B Q) Viur (B)-
Using (3.7), we have

Vap(B) = BE'ET{LH S(B)Laal HS(B)los — Sar[QS(B)lap + [QS(B)1aaSos (B)}:
2Vian)(B) = BEET{IOS(B)aaSor (B) — Sua(BIQS(B) oy}

Note that
BOS(B) =1—S(B).
Then
2Viab1(B) = BEE {8aaSor (B) — Saa(B)8hr} = EaSor (BIET — & Saa (BIE.
Therefore
Uab(B) = Eanp(B) — Epna(B).
Adding (3.20) and (3.29), we have
Lygyhap = 0.

This completes the proof of theorem 2.

The first relation of corollary is equivalent to
E,](i)K(j) =0,

which immediately follows from theorem 2.
The second relation of corollary is equivalent to

ﬁnm n(j) =0.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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Note that
L& =[8,86]1=0, (3.33)
Eéﬂ(j)a — CS(K(j)ubgb)
= (LeKD)E" + KD (LE)
=0. (3.34)

Here we have used (2.14) and (3.33). Then
L€ =YV, €1 = —Len = 0. (3.35)
Now, using this relation and (3.31), we easily see that
LyonD = L0 (K9E")
= (Lo KD)e" + KD (L,08")
=0. (3.36)

This completes the proof of corollary.

4. Separation of variables in the Hamilton-Jacobi equation

A geometric characterization of the separation of variables in the geodesic Hamilton—Jacobi
equation was given by Benenti—Francaviglia [7] and Kalnins—Miller [8]. Here, we use the
following result in [8].

Theorem. Suppose there exists a N-dimensional vector space .4 of rank-2 Killing tensors on
D-dimensional space (M, g). Then the geodesic Hamilton—Jacobi equation has a separable
coordinate system if and only if the following conditions hold!:

(i) [A, Bls = 0foreach A, B € A.
(ii) There exist (D — n)-independent simultaneous eigenvectors X (@ for every A € A.
(iii) There exist n-independent commuting Killing vectors Y@,
(iv) [A, Y®]g = 0 foreach A € A.
(v) N =@2D +n*>—n)/2.
(vi) g(X(“), X®y=0if1 <a<b<D-—n,and g(X(“), Y@y =0forl <a<D-—n,
D—n+1<a<D.

We assume that the Killing tensors K) and K@ = n© @ n¥) + ) @ n given in
section 2 form a basis for .A. Note that in the odd-dimensional case the last Killing Yano tensor
f%=V is a Killing vector, and hence the corresponding Killing tensor K *=1 o¢ f*=D f*=D
is reducible [5]. Then, it is easy to see that conditions (1)—(6) hold. Indeed, the relation
KOKW = KWK ® implies that there exist simultaneous eigenvectors X @ for K satisfying
conditions (2) and (6). Other conditions are direct consequences of theorem 1 and corollary.

5. Example

Finally, we describe the Kerr—NUT—de Sitter metric as an example, which was fully studied
in [1-6, 13, 14]. The D-dimensional metric takes the form [13]:

I we put np = 0 for theorem 4 in [8]. This condition is satisfied in the case of a positive definite metric g.

6
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(@) D =2n

Z o +ZQM (ZA"‘)dwk> : (5.1)
i

n=1 n=1
b)D=2n+1

2 R 2
=SS0 (Saran) es(Saven) 6o

p=1 k=0 k=0

The functions Q,, are given by

Xy 2 2
0, =L, Uo= ] (2 —x2). (5.3)
UM v=1
(v#uw)
where X, is a function depending only on x,, and
*) _ 2.2 2 * _ 2.2 2 _ ¢
AH — Z xlevz e ka’ A = Z le_xvz .. 'ka’ S = W (54)
1<y << <n ISy <<y <n

(vi#)
with a constant ¢. The CKY tensor is written as [2]

n—1
1
=3 Z dA®D A dyy (5.5)
k=0

with the associated vector & = /3. Assumptions (al), (a2) and (a3) are clearly satisfied.
The commuting Killing tensors K /) and Killing vectors n) are calculated as [2, 3]

n

KV = Z Afj)(e” el et ety e A2 20t (5.6)
n=1
. 0
) = o (3.7
j

where € = 0 for D = 2n and 1 for D = 2n+ 1. The 1-forms {e*, e**", ¢**!} are orthonormal
bases defined by

dx « s
o= S ohHn \/@( A® dw) ’ e = ﬁ( AW d¢k> . (5.8)

k=0

Note added. In the successive paper [15], we found that a single CKY tensor satisfying assumptions (al), (a2) and
(a3) leads inevitably to the Kerr—NUT—de Sitter spacetime.

Acknowledgments

This work is supported by the 21 COE program ‘Construction of wide-angle mathematical
basis focused on knots’. The work of YY is supported by the Grant-in Aid for Scientific
Research (no. 19540304 and no. 19540098) from the Japan Ministry of Education. The
work of TO is supported by the Grant-in Aid for Scientific Research (no. 18540285 and no.
19540304) from the Japan Ministry of Education.



J. Phys. A: Math. Theor. 41 (2008) 025204

T Houri et al

Appendix A. Generating function of K L(fg

In this appendix, we rederive the expression of the generating function of K directly from

the definition (2.13).

A.l. Auxiliary operators

It is convenient to introduce auxiliary fermionic creation/annihilation operators:
I)Z.aa ‘(/faa a=1,2,...,D

such that

{Wa, Wb} = 09 {wu’ &b} = 0, {wa, &b} = 82
Also let

Vai=ga¥’s ¥ i=g".
Wa Vo) = garr (W 9"} = g™
The Fock vacuum is defined by

v,]0) =0, O|y* =0, a=12,...,D,
with a normalization
(0]0) = 1.

With a 2-form A
h = Lhepdx® Adx”,

let us associate the following operators:
hy = hap 9",
hy = 3h" Yav.

Note that

1 h(j) I‘5011 ._.Iﬁaz;_

hy) =
( ]/f) (2])' ap...azj

h = Oy, -+ Wy (h)[0) = (1) (O1Wg, - - - Yy, (5)710).

A.2. The generating function of AY)

Let
AV = ;(h(j) h(j)cl‘“czf) = @)t plabr paibilp o h
: (21),(11)2 C1...C2) (2jj|)2 [a1by ajb;l-
AY) is nontrivial for j =0, 1, ..., [D/2].
Note that
A(j) = ! ) h(j)cl...czj

1 . ) .

_ ()er...co) 1)/ \J
= G D O e ()10
(hy)? (hy)!

T

= (=1)’(0] 10).

(A.1)

(A2)

(A3)
(A4)

(A.S)

(A.6)

(A7)

(A.8)
(A.9)

(A.10)

(A.11)

(A.12)

(A.13)
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Then we have

D/2
[Z/]A(f)ﬁj = (0] e~ VP eVPhi|0). (A.14)
j=0
Let us introduce the vielbein
gap = ;i€ ue’. (A.15)
(We assume the Euclidean signature.)
Let E be the matrix with elements
El,=¢,. (A.16)
Then
HY = (E"Y H;;E’,, Hij=-Hj. (A.17)
Also let
o' = e Y, 6 =é Y, i=1,2,...,D. (A.18)
Then we have §; = 6/, 6; = 6', and
{6:,0;} =0, {6:,0;} =0, {6:,0,} = &5, (A.19)
fori,j = 1,2,..., D. It is well known that any real antisymmetric matrix can be block

diagonalized by some orthogonal matrix. Therefore, we can choose the vielbein such that A

has a block diagonal form and

hy =" 7uOuOnip: hy =Y 7uBubnin.

n=1 n=1
for n = [D/2]. Here we assume that A, # 0. Note that
EQE™' =diag(A}, A3, ... . AL, AT, A3, ... ).

For odd D, the last diagonal entry equals zero.
Then

(O e™Phv e¥P1710) = (O] [ [(1 = V/BAu6yubns) (1 + /By, 10)

pn=1
n

[T(+82)

n=1

= det'?(I + BO).

Here / is the D x D identity matrix.
We have the generating function of AV):

[D/2]

Z ADBI = det'(I + BQ) = det(I + /BH) = det(I — /BH).

Jj=0

(A.20)

(A.21)

(A.22)

(A.23)
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A.3. Recursion relations for K /)

The Levi-Civita tensor satisfies
gD gy e, = TID — )8y, (A.24)

Using (A.24), we can check that K ;{,) has the following form:

, _ 1 4 .
) — A () (erc2j1
K, =AY g + mha’cl...cz,ﬂ Dereajor, (A.25)
Here AY) is defined by (A.12).
It is possible to show that

1 . . .
) (Jerczjor crr(G=Dyd
@7 DGy e T = ha K g R (4.26)

In the matrix notation, K /) satisfies the following recursion relation:

KV =AYV +HKY=VH. (A.27)
Therefore, we can see that K/) commutes with H. Thus

KV =AUV — KUY, (A.28)
With the initial condition

KO=1 " K =ga. (A.29)
we easily find that

;
KU = Z(—l)lA(j_” 0, (A.30)
=0
or
. j .
KD =3 (=)' AUy, (A31)
=0

We immediately see that

KOgW — gWg® (A.32)

Using (A.23), we can see that K% = 0fork = [(D+ 1)/2]. Indeed, by setting 8 = —x~ 1
[D/2]
Z (=1 AVx™ = det'?(I — x7'Q) = x P det'*(xI — Q). (A.33)
j=0

For D = 2k,
k

Z(—l)k*fAU)xk*f = (=D¥*det'?(xI — 0). (A.34)
j=0

If we set x to be an eigenvalue of Q, the RHS becomes zero. Therefore, we can see that

k
K® = Z(—l)’A(’“” o' =0, for D = 2k. (A.35)
=0
Similarly, for D = 2k — 1,
k—1
Z(—l)k*fAU)xk*f = (=Dfx"2 det'?(x1 — Q). (A.36)
j=0
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Thus
k
K® = Z(—D’A(’H) 0' =0, for D =2k — 1. (A.37)

Also note that AY) = 0 for ] [D/2] + 1. Therefore the recursion relations (A.28) become
trivial for j > k+ 1 and K =0for j > k. K" can be written as (A.30) for all j > 0 but
are nontrivial only for j = 0, 1,...,k—1.

Using (A.30) and (A.23), we can see that the generating function of K/ is

k—1
K@) =) KVl =det"*(I+BQO)I+BO)". (A.38)
j=0
AA4. Proof of (A.26)
The LHS of (A.26) is
1 . .
) (j)er.c2j1
@) — IR e
_ 1 (j)cr...c2j1 _ 1)/ Y
= G-I 1)!(j!)2hj b X (=D O Ve, -+ Ve, (h)70)
_ (_I)FI percj Ol re, - v (h-)j|0)
T 2j-DIGH? P e ety
_ b R0, -+ Py, Wpa ()7 |0)
T PG o Ty
. h hi)/
=(=1))"1(0 |( ‘” wbwa( ‘.”) 10). (A.39)
Then
; . hi)l
KY = (1) gap (0] "’) G ‘”) 210y — (=17 (0 |( "’) wm( ‘.”) 10)
. hy)’! _
=<—1)f<0|ﬂ[{x/fa,w} whwa]( "’) 0)
h hi)/
= (-1)/(0 |(]) waw( ‘”) 10). (A.40)
Thus
K9 = 10 8y g, B, (A.41)
J! J!
Note that
Was hgl = haa W, (A.42)
Va(hp) 10) = jhe" Y (hy) ~10), (A.43)
[y, W) = Yih® s, (A.44)
(O1(hy) T = j(OI(hy) " Y h”. (A.45)

11
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Then

1 . .
_ ) (j)erc2j-1
(LHS of (A.26)) = 5=y mmshid) e, ) b
. ha ) ho)l
= ol 2 gy, L g
J: J:
(S LRI (.1 Ly
=h," (=1))710 Vo 0)h
U et 2 e i UL
=h, K, "h",
= (RHS of (A.26)). (A.46)

This completes the proof of (A.26).
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